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m ; 1 Introduction 

If} ■ For a finite dimensional Hopf algebra H, there is a Yetter-Drinfel'd D(i/)-module 

algebra structure on the Heisenberg double %{H*) endowed with a heterotic action of the 
Drinfel'd double V(H), moreover %{H*) is braided commutative in terms of the braiding 
of Yetter-Drinfel'd module (see [6]). 

One main question naturally arise: if this result also holds for some infinite dimensional 
^ ■ Hopf algebras? For this, we introduce the generalized Heisenberg double 3f , and using 

the multiplier Hopf algebra theory to deal with a more general case. 

Multiplier Hopf algebra, introduced by A. Van Daele [7j, play a very important role 
in duality of a class of infinite dimensional Hopf algebras. Its motivating example is 
K(G) of complex functions with finite support in G. Multiplier Hopf algebra can be 
considered as a generalization of Hopf algebra. Many of the results involving the duality for 
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finite dimensional Hopf algebras, have naturally generalizations to regular multiplier Hopf 
algebras (with integrals), such as Drinfel'd double (see [21 [10]), Yetter-DrinfePd module 
(see [2J[TT]). It is worth mentioning that Yetter-Drinfel'd modules over a multiplier Hopf 
algebra(defined in [H]), are not algebras but only vector spaces satisfying some certain 
conditions, generalizing the former definition. 

In this paper, we use the Drinfel'd double £F (defined on a pairing of regular multiplier 
Hopf algebras) and Yetter-Drinfel'd module (defined in [11]) to shown that the answer 
of question above is yes. Heisenberg double ffl is a (left-left) ^-Yetter-Drinfel'd module 
algebra, and braided commutative. 

The paper is organized in the following way. In section 2, we recall some notions 
which we will use in the following, such as multiplier Hopf algebra, Drinfel'd double and 
Yetter-Drinfel'd modules. 

In section 3, we first introduce a generalized Heisenberg double 3rif based on a pairing 
of regular multiplier Hopf algebras, then define an action and a coaction of 3) on M' ', 
which makes J$? a (left-left) Yetter-Drinfel'd module algebra (see Theorem 3.6). 

In section 4, the Heisenberg doube Jif definied in section 2 is a braided ^-commutative 
algebra. And Jff is the braided product Jf? = A oc B, where A and B are braided 
commutative Yetter-Drinfel'd ^-module algebras by restriction. 

In section 5, we apply the results as above to the usual Hopf algebras and derive some 
interesting results, including the main results in paper [6] as a corollary. 

2 Preliminaries 

We begin this section with a short introduction to multiplier Hopf algebras. 

Throughout this paper, all spaces we considered are over a fixed field K (such as field 
C of complex numbers). Algebras may or may not have units, but always should be non- 
degenerate, i.e., the multiplication map (viewed as bilinear forms) are non-degenerate. For 
an algebra A, the multiplier algebra M{A) of A is defined as the largest algebra with unit 
in which A is a dense ideal. 

Now, we recall the definitions of a multiplier Hopf algebra (see [7] for details). A 
comultiplication on algebra A is a homomorphism A : A — > M{A§t>A) such that A(a)(l® 
b) and (a ® 1)A(6) belong to A ® A for all a, b € A. We require A to be coassociative in 
the sense that 

(a ® 1 ® 1)(A ® 0( A 0)(! ® c)) = (u ® A)((o ® 1)A(6))(1 ® 1 ® c) 

for all a,b,c 6 A (where i denotes the identity map). 

A pair (A, A) of an algebra A with non-degenerate product and a comultiplication A 
on A is called a multiplier Hopf algebra, if the linear map T\ , T2 defined by T\ (a ® b) = 
A(a)(l ® b), T 2 (a ® b) = (a ® l)A(b) are bijective. 
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A multiplier Hopf algebra (A, A) is called regular if (A, A cop ) is also a multiplier Hopf 
algebra, where A cop denotes the co-opposite comultiplication defined as A cop = r o A with 
r the usual flip map from A ® A to itself (and extended to M{A ® A)). In this case, 
A(a)(b <g> I), (1 ® a)A(b) £ A® A for all a, b € A. 

Multiplier Hopf algebra (A, A) is called regular if and only if the antipode S is bijective 
from A to A (see [8], Proposition 2.9). 

We will use the adapted Sweedler notation for regular multiplier Hopf algebras (see 
[9]). We will e.g., write J2 a {i) ® a (2)6 101 A(a)(l (8 6) and J2 ab (i) ® &(2) f° r ( a ® 1)^(6), 
sometimes we omit the 

2.1 Pairing and Drinfel'd double 

Start with two regular multilier Hopf algebras (A, A) and (B, A) together with a non- 
degenerate bilinear map (•, •) from A x B to K. This bilinear map is called a pairing if 
certain conditions are fulfilled. The main property is that the product in A is dual to the 
coproduct in B and vice versa. There are however certain regularity conditions, needed to 
give a correct meaning of this statement (investigation of these conditions is done in [5] ) . 

For a £ A,b 6 B, then we can define a ► 6, 6 ► a, a < b and b < a in the following 
way. Take a' £ A and b' € B, 

(b ► a)a' = (a (2) , 6)a(i)a', (a ► 6)6' = (a, b( 2 )) b (i)b', 
(a -4 6) a' = (o(i),6)a( 2 )o', (6 a)b' = (a, 6(i)>6(2)&'- 

The regularity conditions on the dual paring say that the multipliers b ► a and a 6 in 
M(^4) (resp. a ► 6 and 6 a in M(B)) actually belong to A (resp. B). 

A paring of two regular multiplier Hopf algebras is a natural setting for the construction 
of Drinfel'd double. It turns out that the conditions on the pairing (A, B) are sufficient 
to construct the Drinfel'd double on A® B. The main point of the essential ideals is that 
there is an invertible twist map T : B ® A — >• A® B , which defines an associative product 
on A <g) B. For a G A and b € B 

T{b ® a) = ► a M S' 1 ^) b (2) . (2.1) 

This map can be considered as a special case in [10], and is bijective, and the inverse is 
given by 

T^ia <g> b) = 6 (2) <g> 5 _1 (6 (1 )) ► a < 6 (3) . 

As shown in [3], the structures of the Drinfel'd double is given as follows. 
Let 2> = A 03 B denote the algebra with tensor product A®B as the underlying space, 
and with the product given by the twist map T as follows: 

(a [X b)(a m 6') = (m A <8> ms)(t ®T ® i){a®b® a! ®b') 
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with a, a' € A and b, b' £ B. If we write T 1 (a! ® 6') = X] ^ ® o!^ then we have 



(a x 6) (a' M 6') = J^(a ® 1)T(66< ® a-). 



(2.2) 



Similarly, if we write T 1 (a ® 6) = ]P 6j ® «i, then we have 



(a ex b)(a m 6') = T(6, ® 0*0') (1 ® b') . 



(2.3) 



There are algebra embeddings A — > M(&) : a — > a co 1 and B — > M{3>) : b — > 1 M 6. 
These embeddings can be extended to the multiplier algebras. 

The coproduct (or comultiplication), counit, and antipode are given as follows. 



A(a tx b) = A c ° p (a)A B (b), e(a M 6) = e A (a)£ B (6), 5(a ® 6) = T(5 B (6) ® 5^(a)). 



Without confusion, we always e.g. denote Sa(o,) just as S(a). 

Drinfel'd double Q can be considered as a special case of twisted double defined in 



2.2 Yetter-Drinfel'd modules over a multiplier Hopf algebra 

Recall of the definition of generalized (left-left) Yetter-Drinfel'd module over a multi- 
plier Hopf algebra from [11] . 

Let (A, A, e, S) be a regular multiplier Hopf algebra and V a vector space. Then V is 
called a left-right Yetter-Drinfel'd module over A, if the following conditions hold: 

(1) (V, •) is a left unital ^-module, i.e., A ■ V = V; 

(2) (V, T) is a left ^4-comodule, where r : V — > Mq(V ® A) denotes the left coaction of 
A on V, and Mq(V ® A) denotes as the completed module (see [HE]); 

(3) T and • satisfy the following condition: 



for all a, a' £ A and v € V . 

By the definition of left-left Yetter-Drinfel'd modules, we can define Yetter-Drinfel'd 
module categories ^yT>. The objects in j^yV are left-left Yetter-Drinfel'd modules, and 
the morphisms are linear maps which interwine with the left action and the left coaction 
of A on M, i.e., the morphisms between two objects are left ^4-linear and left A-colinear 
maps. Precisely, let V, W G ^yT> and / : V — > W be a morphism, then 



for all a, a' £ A and v £ V, where T\y (IV) is the left coaction on W (V). 

The other three kind of Yetter-Drinfel'd module categories are also defined in [11] . 



(«(!) ' u)(_i)0( 2 )a' ® (o(i) • u)( ) = a(i)U(_i)o' ® a (2 ) ■ U(q) 



(2.4) 



f(a-v)=a- f(v), 

(a' ® l)r w o /(«) = (a' ® l)(i ® /)i>(v) 
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3 Heisenberg Double 



In this section, we first introduce the Heisenberg double of two regular multiplier Hopf 
algebras with a pairing as shown in Section 2.1. 

Definition 3.1 Let (A, B) be a pairing of two regular multiplier Hopf algebras A and 
B. The Heisenberg double M 3 is the smash product A#B with respect to the left regular 
action b ► a = (0(2)5 b) a (i) of B on A. The production in ffl 1 is given by 

(a#b)(a'#6') = o(6 (1) ► a')#b {2) b'. (3.1) 

for any a, a' G j4 and 6, 6' G £?. 

Remark (1) The equation (|3TTj) is well-defined, since &(i)<S>&( 2 )&' = A(6)(l®6') G B®B. 

(2) The product defined by (|3.1|) is a twisted tensor product (see pQ). The twisted map 
R(b®a') = bt]\ ► a' £§6(2) is bijective, the inverse is given by R~ 1 {a®b) = 6( 2 ) ► 
a, so by the Proposition 1.1 in pQ, this product is non-degenerate. 

Example 3.2 Let G be any (discrete) group with unit e. Let B = K[G] denote the 
group Hopf algebra, and let A = K[G) denote the well-known multiplier Hopf algebra on 
G (see [7]). Then the Heisenberg double 3? = Aj^B with the product 

($p#q)(d p >#q') = S p , q -i#qq'. 

Define a f^-action on J4? as 

(a M b) ■ (a'#b') = a (3) (6 (1) ► a')S-\a {2) )#(b {2) b' S^)) < S- 1 («(!))■ (3.2) 
for a M b G ^ and a'#6' G Jf 7 . 

We can easily check that (|3.2j) is well-defined, and get the following results. 

Proposition 3.3 By the action defined above, is a unital ^-module. 

Proof First we check that Jtf? is a ^-module, i.e., to show that ((c EX <i)(a cxi 6)) ■ 
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(a'#b') = (c ixi d) ■ ((a cxi b) ■ (a'#b')). Indeed, 

(cMd). ((a ixi b) • (a'#6')) 
= (cMf (a (3 )(6 (1) ► a')5- 1 (a (2) )#(6 (2) 6 / 5(& (3) )) ^ ^("(i))) 

= c (3)(^(l) ► ( a (3)(^(l) ► a/ )^ _1 ( a (2))))^ 1 (c(2)) 

#(rf(2)((6(2)6'S'(6(3))) ^(a^))^ 1 ^))) « S _1 (c ( i)) 

= c (3)(^(l) ► «(3))(^(2)^(1) ► aQ (rf(3) ► »5" 1 (Q(2))) '5" 1 (c(2)) 

#(d(4)((6(2)6^(6(3))) S-^a^))^- 1 ^))) ^ S" 1 ^!)) 
= c (3)(d(i) ► a(3))(d(2)&(i) ► a ')5' _1 ( a (2)(2))5' _1 (c(2)) 

#((d (3) « 5- 1 (a (2)(1) ))((6 (2) 6'5(6 (3) )) « ^(a^S" 1 ^))) ^ ^(c^) 

= c (3)(^(l) ► 0(4))(d(2)6(l) ► / )S~ 1 (a( 3 ))S~ 1 (C(2)) 

#((d (3) * ^ 1 (a (2) ))((6 (2) 6'5(6 (3) )) « S-H^i)))^ 1 ^))) S- 1 ^)), 

and 

(( C M<i)(flM6)) • (a'#6') 
= (c(d (1) ► a 4 S" 1 ^))) M d( 2) 6) • (a'#6') 

= (c(d (1) ► a « 5- 1 (d (3) ))) (3) ((d (2) &) (1) ► a'JS" 1 ^^) ► a < S~ l (d {3) ))) {2) ) 
#((d (2) 6) (2) 6'5((d (2) 6) ( 3))) * ^((cfax) ► a « S'^d^)))^ 

= ( c (3)(^(i) ► «(3))) ((d(2)&)(i) ► a^-^c^ap)) 

#((rf(2)6)(2)^((d(2)6)( 3 ))) ^5- 1 (c (1) (a (1) ^5- 1 (d (3) ))) 

= c (3)(^(i) ► a (3))(( d (2)(i)^(i)) ► a^S-^ap))^" 1 ^)) 

#(d(2)(2)6( 2 )6 / S(6 ( 3)))S(d (2)(3) )) ^ (s" 1 ^ ^5- 1 (d (3) ))^ 1 (c (1) )) 

= c (3)(^(l) ► °(3))((d(2)(l)&(l)) ► , )5~ 1 (a( 2 ))5~ 1 (c(2)) 

#((d( 2 )(2) ^ ^ 1 (0(l)(2)(3)))((b(2)fe'5(&(3))) <« ^ 1 (a(l)(2)(2))) 

(^(^(2)(3)) ^ ■S , " 1 (Q(i)(2)(i)))(a(i)(i),'S'~ 1 (rf(3))) ) ^ S" 1 ^)) 
= c (3)Kl) ► a(4))(d(2)&(i) ► a')^" 1 ^))^" 1 ^)) 

#((d (3) « S-\a {2) )){(b {2) b>S(b {3) )) < S-\a {1) ))S-\d {4) )) < S-\c {1) ). 

Then, we will show that the module action is unital. We denote the adjoint actions 
of A and B on themselves by a — 1 a' = a^a! 'S^ 1 (a^), b —r b' = b^b' S(b( 2 )), it is 
easy to show that these actions are unital. Define F(a <g> b) = a (2) <8> b < S^ 1 (a^) and 
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G(a ® b) = 6(!) ► a ® 6( 2 ), -F 1 and G are bijective. So 

(a M 6) • (a'#b') = ®t)i ? i30 ® i® -r)(i ® G ® t)(a ® a' ® 6 ® b'), 
this can conclude that the action of <2l on jri? is unital. □ 

Remark Since is a unital ^-module, we can get an extension of the module struc- 
ture to M(£F), this means we can define f-(a#b), where / € M{S>) and aj^-b € ^ '. Indeed, 
since a#b £ = @ • Jf, then a#b = ™ %) ■ / ■ ("#&) = Eij 

&;•))• (oi#6i). 

Proposition 3.4 is a ^-module algebra. 
Proof It is sufficient to show that 

(a m 6) • ((a / #6 / )(c , #d / )) = ((o (2) M 6 (1) ) • (a'#6')) ((a (1) M 6 (2) ) • (c'#<f )) • 
In fact, 

(a M i).((a'#')( C '#<l')) 
= (om6). (a'(b' (1) ► c')#&' (2) /) 

= a (3) (6(i) ► (a'(6' (1) ► c'))) S' 1 (a (2) )# (& (2) (6' (2) d / )^(&(3))) « S" 1 ^)) 
= a (3) (6 (1) ► a')((6 (2) 6' (1) ) ► c')^ 1 (a (2 ))#(6(3)6( 2) d , 5(6 ( 4))) « ^("(i)), 

and 

((0(2) X &(!)) • ( a '# 6 ')) ((«(!) M & (2)) • ( C '# d ')) 

= (a (6) (6 (1) ► a / )-S- 1 (a (5) )#(6 (2) 6' 1 5(6 (3) )) « S" 1 ^))) 

(a (3) (6(4) ► c / )5- 1 (a (2) )#(6 (5) d / ,S(6 (6) )) « ST 1 ^))) 
= (o (4) (6 (1) ► a'){(b {2) b'S(b {3) )) {1) ► 5- 1 (a ( 3)))#(6( 2 )6^(6 {3 )))( 2 )) 

(a (2) (6 (4) ► c')((6 (5) d / S(6 {6) )) {1) ► S- 1 (a (1) ))#(6 {5) d'5(6 (6) )) (2) ) 

= 0(4)(b(l) ► o')(( 6 (2) b ' 5 ( 6 (3)))(l) ► 5-1 (°(3))) (( 6 (2) ^5(6(3) )) ( 2 ) ► (a {2) (6 (4) ► c'))) 

((6 (2) ^(& (3 ))) (3 )(^ 
= o ( 4)(6 ( i) ► a')((b {2) b f S(b {3) )) (1) ► ( < S- 1 (a {3) )a (2) (6 (4) ► c'))) 

((6 (2) 6 / 5(6 (3) )) (2) (6 (5) d / 1 S(6 (6) )) (1) ►5- 1 (a (1) ))#(6 (2) 6'5(6 (3) )) (3) (6 (5) cZ' 1 S(6 (6) )) (2) 
= a (3) (6 (1) ► a')((6 (2) 6 / (1) ) ► c / )5- 1 (a {2) )#(6 (3) 6 / (2) d / 5(6 (4) )) « S" 1 ^)). 
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This completes the proof. 



□ 



Now, we give a coaction as follows: T : ,Jrf? 



((a m b') <g> l)r(a#fe) = (a M 6')(«(2) tx &(i)) <8> 0(i)#b(2) 



(3.3) 



where Mo (5? <g> ) is the complete module (see [H ITT])- 
Obviously, this coaction is well-defined. 

Proposition 3.5 V defined above makes J^f a left f^-comodule algebra. 
Proof We firstly can check that V is well-defined by the formula (|2.3|) . and satisfies 
(A (8> i)r = (i ® r)r. Then, we will show that V defined above is injective. Indeed, if 



T(a#6) = 0, applying e ® l on this equation, we can get that a#6 = 0, so it is injective. 
Finally, we need to show Y satisfy T({a'#V){c!#d')) = T(a'#b')r(c'#d'). Indeed, 

((o'ixi6')®l)r((a#6)(c#d)) 
= ((a' cxj b') ® l)r(o(6 ( i) ► c)#6 (2) d) 



By a Yetter-Drinfel'd module algebra, we mean a module and comodule algebra that 
is also a Yetter-Drinfel'd module (see Section 2.2 or paper [UJ). Then we can get the first 
main result of this paper. 

Theorem 3.6 For the Drinfel'd double *3 and Heisenberg double ^ based on a pairing 
of regular multiplier Hopf algebras A and B, Jt? endowed with action (j3.2j) and coaction 
(|3.3p is a (left-left) ^-Yetter-Drinfel'd module algebra. 




and 




This completes the proof. 



□ 
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Proof From Proposition 3.4 and 3.5, we know that Jf? is a ^-module and comodule 
algebra, the left thing we need to do is checking the compatible condition (|2.4p of Yetter- 
Drinfel'd module f^X*, i.e., 

• (cM) H) («m*)(2)K "XI ft') ® ((oix"6)(i) • ( c #°0) (o) 
= (a x b^c^^a' « 6') ® (a txi 6) (2) • (c#d) (0 ). 



8>0(3)(6 (4) ► c (1) )S ,_1 (a (2) )#(6 (5) d (4) 5(6 (6) )) <« fl" -1 ^)) 
= a(4)(6(i)(i) ► C( 2 ) «« -S" 1 (b(3 )(2 )) )(b (1)(2) d ( i ) ► a ^(dfsjJS^C&pXi))) 

X b( 2 )d(2)b' <8> 0( 3 )(6(4) ► C( 1 2)5 ,_1 (a {2 ))#(6(5)(i ( 4)S'(6 (6) )) ^ 5 ,_1 (a ( i ) ) 
= 0( 4 )(6(i) ► C( 2 ))(6(2)rf(i) ► a ^ S ,_1 (6(4)d {3 ))) ixi 6( 3 )d(2)6' 

« ) a(3)C(i)5'" 1 ( a (2))#(fe(5)rf(2)5'(&(6))) fi r_1 (o( 1) ) 
= (a (4) (&(!) ► c (2 )) ex ft(2)rf(l)J (a' ixi h ') 

« ) a(3)C(i)5' _1 (a ( 2))#(6(3)d(2)5'(6 ( 4 ) )) ^ S ,_1 (a (1) ), 



Indeed 
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and 

((ax&) (1) • (cW) H) (flM6) (2 )(o'Ml') ® ((aNt) (1) • ( c # d )) 
= ((a (2) ixi 6(i)) • (c#d)) (a ( i) N& (2) )(a'Ni)') ® ((a (2) x & (1) ) • (c#<0) 
= (a(4)(&(i) ► c)5- 1 (a (3) )# (& (2) dS(& (3 ))) S^ap))) (a (1) x 6 (4) )(a / X 6') 

®(o(4)(6(i) ► c)5- 1 (a (3) )#(fe (2) ^(& (3) )) < S-^ap))) 
= («(6)(&(i) ► c (2) )5- 1 (a (3) ) cxi (6(2)d5(6 (3) )) (1) ^ S _1 (a (2 ))) («(i) M 6 (4) )(a' x 6') 

<g> (a (5) c(i) (a (4 ) )# (6 (2) dS (6(3) )) (2) ) 
= ( a (5)( fe (i) ► C( 2 ))((6( 2 )d5(6( 3 ))) (1 ) ► S- 1 ^))) m (6 (2) (i5(6 (3) )) (2) ) 

(a ( i) x 6 (4) ) (a x 6') <g> (a (4) C(i) S- 1 (a( 3 ))#(6( 2 )d5(6( 3 ))) (3) ) 
= («(5)( & (i) ► C( 2 ))((6(2)rf5"(6 (3) )) (1 ) ► S ,_1 (a (2 ))) 

( (6(2)rfg(&(3)))(2) ► < <5 _1 ((&(2)^(6(3)))(4))) « (6( 2 )dg(6( 3 )))( 3) 6(4)) (a x 6') 
® (o(4) c (i) (a (3) )# (6( 2 ) (6 (3 ) )) (5) ) 
a (e)(b(i) ► c (2 ))((6( 2 )d5(6(3)))(i) ► 5 _1 (a( 3 ))) 



(a (1) «« ^ 1 ((6( 2 )d5(6(3)))( 3 ))) x ( (6( 2 )d5(6( 3 )))(2) < a (2) )6 (4) ) (a' x 6') 
® («(5) C(i) (a (4) ) # (6( 2 ) (6 (3) )) (5) ) 

= ( a (5)( b (D ► C (2))^ _1 ( a (2))(a(l) * 5- 1 ((6(2)d5(6 (3 )))(2))) 

x (6( 2 )dS , (6(3)))( 1 )6( 4) )(a / x 6') <g> (a(4)C(i)S" 1 (a( 3 ))#(6( 2 )dS'(6(3))) (3) ) 

= (a (4) (6 (1) ► C( 2) ) x &(2)d(i)) (a' x &') 

®a(3) c (i)'S' _1 (a( 2 ))#(6( 3 )(i( 2 )S'(6( 4 ))) S , ~ 1 (a (1) ). 
This completes the proof. □ 

Example 3.7 Take the notations as Example 3.2, the Drinfel'd double Q> = if (G) x 
K[G\ with the structures as follows. The product in £F is given by 

(S g x h)(8 p x g) = 5 g S hph -i x % 

for all <5 g , 5 P € K(G), h,q G if [G], and the multiplier Hopf structure is given by 

A(5 S (g> /i) = ^(V 1 ^ ® h ) ® ( S p ® /l )> 

e(5 g <g> h) = 5g te , 
S(5 g ®h) = 6 h -i g -i h < 
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Then the action (S p X q) ■ (5 p /#q r ) = 5 p r q i q -i p 8 p i q -i#qq'q 1 and the coaction T(5 p #q) = 
T,seG 6 s~ip M <7 ® S s#Q make K(G)#K[G] a K[G) ix K[G]-Yetter-Drinfel'd module alge- 
bra. 

4 as a braided ^-commutative algebra 

First we introduce the notion of braided commutative comodule algebras for regular 
multiplier Hopf algebras, which generalize the one in Hopf case. 

Definition 4.1 Let A be a regular multiplier Hopf algebra, a left A- module and left 
j4-comodule algebra X is said to be braided commutative, if for any x,y G X 

yx = -x)y (0 ). (4.1) 

For any two (left-left) Yetter-DrinfeFd A-module algebras X and Y, their braided product 
X oc Y is defined as follows 

(x oc y){x' oc y') = x(y ( _ 1} • x') oc y (0) y'. (4.2) 

for x, x' G X and y, y' G y. 

Proposition 4.2 1 oc 7 is a Yetter-Drinfel'd module algebra. 

Proof It is similar to the Hopf algebra case. □ 
Now, we can get another main result of this paper. 

Theorem 4.3 J4f is a braided ^-commutative algebra. And Jtf is the braided product 
J4? = A oc B, where A and B are braided commutative Yetter-Drinfel'd ^-module algebras 
by restriction, i.e., the action is given by 

(a XI b) ■ a' = a(2){b ► a)S^ 1 (a^), 
(ax 6) • b' = (b {1) b'S(b {2) )) < S-\a), 

and coaction p: A ->■ M (^ <g> A) and -B -)• M (& <g> B) is given by p(a') = A c 1 f(a'), 
p(b') = A 23 (b'), for a X b G ^, a' G A and 6' G B. 
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Proof We need to show that (a'#b')(a#b) = ((a'#fe')(-i) ■ (a#b))(a'#b') {0) . Indeed, 

((a / #6 / )(-i)-(a#6))(a / #6 / )(o) 
= ((fl'( 2) «6' (1) )-(a#i))(«' (1 )#' (2) ) 

= (a' (4) (6' (1) ► a)S- 1 (a' ( 3 ) )#(6 / (2) 6S(6' {3) )) « ^(a'p))) («(i)#6(4)) 

= (a' (3) (b' (1) ► a)((b[ 2) bS(b[ 3) )) {1) ► 5- 1 (a' (2) ))#(6' (2) 65(6' (3) )) (2) )(a' (1) #6' (4) ) 

= a' (3) (6' (1) ► a)((b{ 2) bS(b{ 3) )) {1) ► S-V(2))) ((&{ 2) 6S(&' (3) )) (2) ► a' (1) ) 

#(^2)^(6 / (3 )))(3)&(4) 

= a' (3) (6' (1) ► a)((6' (2) W?(fe' (3) )) (1) ► (^^(a^)^^)) #(6' (2) 65(6' (3) )) ( 3)6' (2) 
= a'(b' (1) ► a)#6' (2) 6 
= (a'#b')(a#b). 

This shows that is a braided ^-commutative algebra. 

The second part is obvious, since is a unital ^-module, we can get an extension of 
the module structure to M(£P), and 

(a oc b)(a oc b') = a(bi_]\ ■ a!) oc br \b' 

= a((l oo • a') oc 6^6' 
= a(6( 1 ) ► a') oc b(2)b' ■ 

This completes the proof. □ 

Example 4.4 Take the notations as Example 3.2 and 3.7, K(G)#K[G] is a braided 
K(G) oo if [G]-commutative algebra. And K(G)#K [G] is the braided product = 
K(G) oc if [G], where K{G) and if [G] are braided commutative Yetter-Drinfebd if (G) 00 
if [G]-module algebras by restriction, i.e., the action is given by 

(S p oo g) • V = V'-vV?" 1 ' 
(<5 p 00 q) ■ q' = Sp-i^g-iqq'q' 1 , 

and coaction p: A — > M (& (gi A) and B — s> M (3> <g) -B) is given by p(£ p ) = J2teG <Vv 1x1 
e<g><5 t , p(q) = YjteG^t oo (g) forp,p',q,q' £ G and <5 p ,<5 p / € if(G). 

5 Applications to Hopf Algebras 

In this section, we apply our results as above to the usual Hopf algebras and derive 
some interesting results. 
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By Corollary 3.6 in [ID], let & a = l = <&p, we can get the following result. 

Proposition 5.1 Let B be a co-Frobenius Hopf algebra with a left integral tp, and with 
dual multiplier Hopf algebra A with a left integral tp. Then Drinfel'd double & = A txi B 
with structures given by the following formulas: 

(a M 6)(a' cxi 6') = a(6( X ) ► a' < S~ l (b^)) tx 6( 2 )&', 
A(om1) = A cop (a)(6 (1) ®6 (2) ), 
e(o cx 6) = e^(a)e B (6), 
S(omJ) = T(S(6) ® 5 _1 (a)) 

for any a € A, b & B, where T is given by (|2.ip . 

Let the Heisenberg double = Aj^B with the multiplication as f)3. 1 1) and endow J^ 5 
with the ^-module and comodule structures as (|3.2|) and (|3.3j) . Then by Theorem 3.6 and 
4.3, we get 

Theorem 5.2 Let B be a co-Frobenius Hopf algebra with a left integral <p, and 
with dual multiplier Hopf algebra A with a left integral tp. Then Jif = Aj^B is a (left- 
left) Ql = A cxi S-Yetter-Drinfel'd module algebra, and moreover J^f is a braided fF- 
commutative algebra. 

Example 5.3 Let C be an infinite cyclic group with generator c and let m be a positive 
integer. Let i € N, the set of natural integers and A € C such that A* is a primitive mth root 
of 1. Then we recall from |10| that the Hopf algebra B is the algebra with generators c and 
X satisfying relations: cX = XXc and X m = 0. The Hopf algebra structure on B is given 
by A(c) = c®c, Apr) = c l ®X+X®l, e(c) = l,e(X) = 0, 5(c) = c" 1 and S(X) = -c^X. 
In [[3], 2.2.1], the authors construct the multiplier Hopf algebra A = B with the linear 
basis {uipflY 1 j p £ Z, / £ N, I < m}. The multiplication and the comultiplication are 
defined so that (A, B) is a multiplier Hopf algebra pairing. For the details, the product in 
A is given by the formula u} ps 0Jk,i = $p-k,u( l q~ 9 ) x- iLO k,l+q an d the multiplier Hopf structure 
of B is given byA(w Pj0 ) = Y^keZ u k,o^p-k,o, A(Y) = -D<g)Y+Y<8> 1, e(w p ,o) = (5p,o,e(Y) = 
0,S(ujpfi) = o;_ Pj o and S(Y) = —D~ 1 Y, where D = J2jez ^^jfi an< ^ ^ = Ssez^ S(J s,i- 
Notice that DY = XYD, Y m = and Du^o = A fc w fc , = w fe , £>. 

Define Heisenberg double J4? = Aj^B 

(e#c i )K,o#l) = Wp-i.oM (e#c i )(y#l) = Y#c\ 
(e#X)(u> Pf0 #l) = Up-wftX, (e#X)(Y#l) = Y#X + D#l, 

and Drinfel'd double 3 = A ex B as Example 2.8 in |10| (only need to let a = /3 = 7 = 
(5 = t), then we can get Jif is a ^-Yetter-Drinfel'd module algebra, and it is braided 
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commutative. 

Let A and B be Hopf algebras with bijective antipodes Sa and Sb , respectively. Let 
(A, B, (•, •)) be a Hopf dual pairing, then we can get Drinfel'd double S> = A to B 

(atxb)(a' M&O = (a' (1) ,5 B 1 (6 (3) ))(aa , (2) ® b (2) b')(a' {3) ,b {l) ), 
A(a [xi 6) = (a (2 ) x <g> (a (1) x 6 (2) ), 
e(a <g> b) = eA(a)£B(b), and 

S , (a®6) = (a (1) ,6 (3) )(S'^ 1 (a (2) ) <g)5 B (6 {2) ))(S'^ 1 (a ( 3 ) ),6 (1) } 

and Heisenberg double = Aj^B 

(a#b)(a'#b') = (a' (2) , 6 (1) }aa / (1) #6 (2 )6 / . 

for any a, a' E A and b, b' € -B. 
Define ^-module action on Jt? 

(a M b) ■ (a'#b') = a (3) (6 (1) ► a / )5- 1 (a (2) )#(6 (2) & / 5(6 (3) )) ^ S-\a {1) ). 

and comodule action p : — > @<g)J4?, p(a#b) = a^ 2 ) 1x1 &(i) ® a (i)#&(2)- Then we can get 

Theorem 5.4 = A#S is a (left-left) ^ = A x B-Yetter-Drinfel'd module algebra, 
and is a braided ^-commutative algebra. 

Let B be a finite dimensional Hopf algebra, then the antipode is bijective, and we van 
construct its duality B*, satisfying the condition of a pairing. So we can get a corollary, 
which is the main results in [6]. 

Corollary 5.5 Jf?(B*) = B*#B is a (left-left) 9(B) = B* ex B-Yetter-Drinfel'd 
module algebra, and is a braided ^-commutative algebra in terms of the braiding of 
Yetter-Drinfel'd module. 
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